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Matrices 
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Matrices 
Square Matrix 
          m = n 
A 
submatrix 
Definition    Let A be a matrix m × n. Let 1 ≤ i1 < i2 < . . . < ik ≤ m  and  
1 ≤ j1 < j2 < . . . < jl ≤ n    two sets of contiguous indexes.   The matrix S(k× l) 
of entries spq = aipjq   with  p = 1, . . . , k,  q = 1, . . . , l   is called a submatrix of A. 
If k = l and ir = jr for r = 1, . . . , k, S is called a principal submatrix of A.  
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Matrices 
Symmetric  
matrices  
A = AT 
Antisymmetric  
      matrices  
       A = -AT 
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Matrices 
Matrix sum 
Matrix multiplication by a scalar 
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Matrices 
Matrix product:                  Given and 
where 
The square matrices for which the property AB = BA holds, will be 
called commutative. 
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Special Matrices 
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Special Matrices 
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Lower Hessenberg 
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Banded matrices 
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q 
right half-bandwidth q: 
aij=0  per j>i+q 
left half-bandwidth p: 
aij=0  per i>j+q 
bandwidth p+q+1 
p=q=1    tridiagonal matrix  
p=q=2    pentadiagonal matrix  
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Diagonally dominant Matrices 
A matrix A∈ Rn×n is called diagonally dominant by rows  if for  
i=1,2,…,n                            and at least for one index i 
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1A is called strictly diagonally dominant  if 
We have also diagonally dominant by columns 
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Permutation matrices 
Differ from Identity matrix  by change of rows 
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row exchanges column exchanges 
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Matrices 
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Definition A square matrix A of order n is called invertible (or 
regular or nonsingular) if there exists a square matrix B of order n 
such that A B =B A = I.  B is called the inverse matrix of A and is 
denoted by A−1.  A matrix which is not invertible is called singular. 
If A is invertible its inverse is also invertible, with (A−1)−1 = A. 
Moreover, if A and B are two invertible matrices of order n, their 
product AB is also invertible, with (A B)−1 = B−1A−1. 
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Matrices  
 (AT )T = A,    (A+B)T = AT +BT , (AB)T = BTAT 
and      (aA)T = aAT       ∀a ∈ R.  
 
If A is invertible, then also   (AT )−1 = (A−1)T = A−T 
 
Definition     Let A ∈ Cmxn; the matrix B = AH ∈ Cnxm is 
called the   conjugate transpose  (or adjoint)    of  A  if bij 
= āji, where āji is the complex conjugate of aji. 
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Matrices  
   A matrix   A    is called orthogonal   if  
ATA = AAT = I,  that is A−1 = AT .  
 
Definition   A matrix A ∈ Cnxn is called hermitian or 
self-adjoint   if  AT = Ā, that is, if AH = A, while it is 
called unitary if   AHA = AAH = I. 
Finally, if AAH = AHA,     A is called normal.  
 
As a consequence, a unitary matrix is one such that  
A−1 = AH. 
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Scalar Product 
 
n n
orA scalar product on a vector space V defined over K (                 )  
is any map <·, ·>  acting from V × V into K which enjoys the 
following properties: 
n
Cxxxxxx  00,,0,1. 
2. nCyxxyyx  ,,,
3. CCzyxzyzxzyx n  aaa ,,,,,,
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Scalar product 
Moreover, for any given square matrix A of order n and 
for any x, y∈ Cn the following relation holds 
                (Ax, y) = (x,AHy).  
 
In particular, since for any matrix Q ∈ Cn×n,  
(Qx,Qy) = (x,QHQy), one gets 
 
Property  Unitary matrices preserve the Euclidean 
scalar product, that is, (Qx,Qy) = (x, y) for any unitary 
matrix Q and for any pair of vectors x and y. 
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Norms 
Let V be a vector space over K. We say that the map || · || from V 
into R+U {0} is a norm on V if the following axioms are satisfied: 
n
Cxxxx  00,01. 
2. 
n
x x x C Ca a a    
3. nCyxyxyx  ,
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Infinity Norm 
- Chebyshev 
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Norms -Examples 
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Any vector norm  ||· || defined on V is a continuous function of its 
argument 
Definition  Two norms  
'''
,  are equivalent if there exist 
two positive constants aa  0,,
such that  nx C 
'''''
xxx a 

 xnxx
2

 xnxx
1
212
xnxx 
Norms 
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Matrix norm 
A matrix norm is a mapping  
such that: 
 : 0nxnC   
nxn
CAAAA  00,01. 
2. CCAAA
nxn  aaa
3. nxn
CBABABA  ,
Also   : 0
mxn
C
  
nxn
CBABAAB  , Non essenziale 
le norme usate soddisfano  
questa proprietà 
4. 
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Matrix norm 
Definition We say that a matrix norm || · || is compatible or 
consistent with a vector norm || · || if    ||Ax|| ≤||A|| ||x||,   ∀x ∈ Rn. 
Definition We say that a matrix norm || ·|| is sub-multiplicative if 
∀ A ∈ Rn×m, ∀ B ∈ Rm×q 
||AB|| ≤ ||A|| || B||. 
Theorem  
Let ||·|| be a vector norm.                                   
The function 
is a matrix norm called  
induced matrix norm or natural matrix norm. 
0
supA
x
Ax
x

 1
maxA
x
Ax

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Matrix norm-examples 
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Frobenius or Schur norm 
Matrix  norms are equivalent 
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Matrix norm 
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If            is  a natural  matrix norm,  then 
 
 1I
    If  A is a simmetric matrix , then 
1
A A


2 2
max2
( ) ( ) ( ) ( )
T
A A A A A A        
If   the matrix is simmetric and  positive definite, then max2
A
Matrix norm 
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Definition A matrix A ∈ Cn×n is positive definite in Cn if 
the number <Ax, x> is real and positive ∀ x ∈ Cn, x ≠ 0. 
  
A matrix A ∈ Rn×n      is    positive definite in Rn    if  
<Ax, x> > 0 ∀ x ∈ Rn, x ≠ 0.  
If the strict inequality is substituted by the weak one (≥) the matrix 
is called positive semidefinite. 
Positive definite matrices 
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Definition   Let A ∈ Rn×n.  
The matrices AS =½(A + A
T ), ASS =½ (A − A
T ) are 
respectively called the symmetric part   and   the  skew-symmetric 
part of A. 
 
Obviously, A = AS + ASS.    If A ∈ C
n×n, the definitions modify as 
follows: 
AS = ½(A + A
H)    and ASS =½ (A − A
H).  
 
Property A real matrix A of order n is positive definite iff 
its symmetric part AS is positive definite. 
Positive definite matrices 
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Property  Let A ∈ Cn×n (respectively, A ∈ Rn×n);  
if <Ax, x>  is real valued ∀x ∈ Cn, then A is hermitian 
(respectively, symmetric). 
 
An immediate consequence of the above results is that matrices that 
are positive definite in Cn do satisfy the following characterizing 
property. 
 
Property A square matrix A of order n is positive definite 
in Cn iff it is hermitian and has positive eigenvalues. 
Thus, a positive definite matrix is nonsingular. 
Positive definite matrices 
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Property Let A ∈ Rn×n be symmetric.            Then, A is 
positive definite iff one of the following properties is 
satisfied: 
1.   <Ax, x> > 0 ∀x ≠ 0 with  x∈ Rn; 
2.   the eigenvalues of the principal submatrices of 
 A are all positive; 
3.   the dominant principal minors of A are all 
 positive (Sylvester criterion); 
4. there exists a nonsingular matrix H such that  
 A = HTH. 
Positive definite matrices 
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Definition  A nonsingular matrix A ∈ Rn×n is an M-
matrix   if aij ≤ 0 for i ≠ j and if all the entries of its 
inverse are nonnegative.  
 
M-matrices enjoy the so-called discrete maximum 
principle, that is, if A is an M-matrix and    Ax ≤ 0,  then 
x ≤ 0 (where the inequalities are meant componentwise). 
 
Property A matrix A ∈ Rn×n that is strictly diagonally 
dominant by rows and whose entries satisfy the relations 
aij ≤ 0 for i ≠ j and aii > 0, is an M-matrix. 
M- matrices 
